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Abstract 



^ ■ We prove that a convex subcomplex in a spherical building of type F4 or Eq is a subbuilding 

or the building automorphisms preserving the subcomplex fix a point on it. Our approach 
is differential-geometric and based on the theory of metric spaces with curvature bounded 
above. We use these techniques also to give another proof of the same result for the 
spherical buildings of classical type. 



*> ■ 1 Introduction 

ON 

m 

A subset in a CAT(l) space, i.e. in a space with curvature < 1 in the comparison sense, is 
called convex if it contains with any two points of distance < 7r the unique minimizing geodesic 
O ' segment connecting them. 

On ! 

In a Euclidean unit sphere there are no proper convex subsets beyond a certain threshold: 
A convex subset is either contained in a convex metric ball, that is, a ball of radius < | or it 
fills out the entire sphere. To put it more intrinsically, the convex subset is either contained in 
a convex metric ball centered around one of its points or it is a geodesic subsphere. Thus its 
intrinsic circumradius is < ~ or = 71. 

Spherical buildings are a very special kind of CAT(l) spaces. Their geometry is rigidified 
by the property that they contain "plenty of apartments", i.e. top-dimensional convex subsets 
isometric to a unit sphere. A metric ball of radius < 7r in a spherical building is convex if and 
only if it has radius < ~ . It is natural to ask whether the "circumradius gap phenomenon" for 
convex subsets of spheres holds more generally in spherical buildings, compare [KL06, Question 
1.5]: 

Question 1.1. Suppose that B is a spherical building and that C C B is a convex subset. Is 
it true that C is either a subbuilding or it is contained in a convex metric ball centered in C? 

It is easy to see that the answer is yes, if dim(C) < 1. A one- dimensional convex subset is 
either a subbuilding or a tree. In the latter case, it contains a unique circumcenter. 
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Regarding isometric group actions on spherical buildings, one can ask the following weaker 
version of Question 1.1, see [BL05]: 

Question 1.2. Suppose that B is a spherical building and that C C B is a convex subset. Is 
it true that C is a subbuilding or the action Isom(C) rx C has a fixed point? 

A positive answer to Question 1.1 implies a positive answer to Question 1.2. 

Question 1.2 has been answered positively in [BL05, Thm. 1.1] when dim(C) < 2. 

In higher dimensions, both questions seem to become considerably more approachable when 
one restricts to convex subsets which are subcomplexes with respect to the natural polyhedral 
structure of the spherical building. Question 1.2 then becomes a geometric version of Tits' 
Center Conjecture, compare [MT06] and [Se05, Conjecture 2.8]: 

Conjecture 1.3 (Center Conjecture). Suppose that B is a spherical building and that K C 
B is a convex subcomplex. Then K is a subbuilding or the action StabA U t{B)(K) rx K of the 
automorphisms of B preserving K has a fixed point. 

The automorphisms of a spherical building are the isometries which preserve its combina- 
torial (i.e. polyhedral) structure. 

A positive answer to Question 1.2 implies a positive answer to Conjecture 1.3. 

Conjecture 1.3 easily reduces to the irreducible case. 

It has been proven for irreducible buildings of types A n , B n and D n in [MT06]. The F 4 -case 
has been announced in a talk at Oberwolfach by Parker and Tent [PT08]. These approaches 
are incidence-geometric. 

Our main result is the proof of the Center Conjecture 1.3 for spherical buildings of types 
F 4 and E$, see Theorems 3.1 and 3.18. Our methods are differential-geometric and based on 
the theory of metric spaces with curvature bounded above. The arguments rely on the specific 
features of F 4 - and i£ 6 -geometry. We use these techniques also to give another proof of the 
Center Conjecture for the spherical buildings of classical type. 

The approach in this paper has been carried further by the second author in [Ra09a, Ra09b] 
where he proves Conjecture 1.3 for spherical buildings of types E 7 and E$. It follows that the 
Center Conjecture holds for all spherical buildings without factors of type if 4 , and in particular 
for all thick spherical buildings. 

Acknowledgements. The first author thanks C. Parker and K. Tent for stimulating con- 
versations related to the Center Conjecture. We are grateful to the CONACYT (Mexico), the 
Deutscher Akademischer Austauschdienst, the Deutsche Forschungsgemeinschaft and the Haus- 
dorff Research Institute for Mathematics for financial support, and to the Hausdorff Institute 
also for its great hospitality during our stay in fall 2008. 
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2 Some geometric properties of spherical buildings 

2.1 CAT(l) spaces 

A complete metric space X is called a CAT(l) space, if any two points with distance < n are 
connected by a minimizing geodesic segment and if geodesic triangles with perimeter < In are 
not thicker than the corresponding comparison triangles in the unit sphere S 2 (l) with GauB 
curvature = 1. We refer to [KL98, ch. 2.1-2], [BH99, ch. 2.1-3] and [BBI01, 9.1] for basic 
information about CAT(l) spaces. 

We denote by B r (x) the open metric ball of radius r centered at x, and by xy a minimizing 
geodesic segment with endpoints x and y. 

The link or space of directions S^X of X at a point x equipped with the angle metric is 
again a CAT(l) space. It can be thought of as an analogue of the unit tangent sphere of a 
Riemannian manifold. If x ^ y, we denote by xy" G S^X the direction of the segment xy at x. 
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2.1.1 Convexity 

One calls a subset C C X n-convex or simply convex, if with any two points x,x' G C of 
distance < 7r the unique minimizing geodesic segment xx' is contained in C. Closed convex 
subsets of CAT(l) spaces are CAT(l) spaces themselves. Metric balls with radius < f in 
CAT(l) spaces are convex. The closed convex hull CH(A) of a subset ACIis the smallest 
closed convex subset of X containing A. We will denote the closed convex hull of finitely many 
points ai, . . . , a m by CH(a u ...,a m ). 

2.1.2 Circumradius and circumcenters 

For a subset A C X and a point x G X we denote by rad(A, x) the radius of the smallest 
closed metric ball around x which contains A. We define the circumradius rad(A) = radx{A) 
of A as the infimum of the function rad(A, •) on X. A point where the infimum is attained is 
called a circumcenter of A. If A is convex, we call the infimum of rad(A, •) on A the intrinsic 
circumradius of A. 

If rad(A) < |, then by standard comparison arguments A has a unique circumcenter which 
must be contained in the closed convex hull CH(A) of A. (Indeed, suppose that (x n ) is a 
sequence of points in X with rad(A, x n ) \ rad(A), and let be the midpoint of XjXj. Then 
rad(A,mj) > rad(A) and the CAT(l) inequality imply that ( Xfi) is ci Cauchy sequence. Its limit 
is a circumcenter of A, and it must be unique. The circumcenter must belong to CH(A) because 
due to the CAT(l) inequality its nearest point projection to CH(A) is also a circumcenter ) 

If rad(A) = |, then the set Cent(A) of circumcenters of A is closed and convex. (Its convex- 
ity follows from the CAT(l) inequality.) Since md(CH(A)) = f and Cent(A) = Cent{CH(A)), 
the closed convex set CH(A) n Cent(A) has diameter < |. 

2.2 Spherical Coxeter complexes 

We refer to [GB71, ch. 4-5], [Bou81, ch. V, VI.4] and [KL98, ch. 3.1, 3.3] for more information. 
2.2.1 General definitions and facts 

Let S be the unit sphere in a finite dimensional Euclidean vector space V. The reflection at 
a hyperplane in V through the origin induces an involutive isometry of S. One refers to such 
isometries briefly as reflections. If W C Isom(S) is a finite subgroup generated by reflections, 
one calls the pair (S, W) a (spherical) Coxeter complex and W its Weyl group. (Note that we 
allow W to have fixed points.) 

The Weyl group W induces a polyhedral structure on S. The fixed point sets of the reflections 
in W are great spheres of codimension one, the walls. There are finitely many walls and they 
divide S into open convex subsets whose closures are called chambers. If W is nontrivial, then 
the chambers are convex spherical polyhedra because they are finite intersections of closed 
hemispheres. A half- apartment or root is a hemisphere bounded by a wall, a singular sphere is 
an intersection of walls, a face of S is the intersection of a chamber with a singular sphere, a 
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panel is a codimension one face, a vertex is a zero-dimensional face. Two faces are called opposite 
or antipodal if they are exchanged by the antipodal involution of S. The face spanned by a 
point is the face containing it as an interior point, equivalently, the smallest face containing it. 
A point is called regular if it spans a chamber, and singular otherwise. A minimizing geodesic 
segment connecting two vertices is called singular if it is contained in a singular 1-sphere. A 
vertex is called of root type if the hemisphere centered at it is a root. 

Each chamber A is a fundamental domain for the action W rx S and W is generated by 
the reflections at the codimension one faces of A, that is, at the walls containing them. We 
call A mod = A^jp := S/W the model Weyl chamber. Its isometry type determines W up 
to conjugacy. The quotient map 9 S : S — >■ A mod is 1-Lipschitz and restricts to isometries on 
chambers. We call the image 9s(x) of a point x G S its 9s-type or just its type. 

The link H X S of a point x G S is the unit tangent sphere of S at x in the sense of Rie- 
mannian geometry. It inherits from S a natural structure as the spherical Coxeter complex 
(p x S,Stabw(x)) with Weyl group Stab w (x) and with model Weyl chamber ^* d s ' stabw{x)) 

V A (S,W) 

More generally, let a C S be a face of codimension > 1. Then for an interior point 
x G a, the link T, X S splits as the spherical join T, X S = Yi x a o of the unit tangent sphere 
I] x a of er and the unit normal sphere v x a of a in 5. The unit normal sphere has dimension 
dim(5') — dim(cr) — 1, and there is a natural isometric identification v x o = Poles(a) of v x o with 
the sphere Poles(a) := {p G S : = f } of poles of cr in 5. This provides one way to see, 

that one can consistently identify with each other the normal spheres u x a for all interior points 
x G a to obtain the link Y^ a S of the face a. It inherits a natural structure as the spherical 
Coxeter complex (E a S, Stabw(o~)) with Weyl group the stabilizer (fixator) of a in W and with 
model Weyl chamber A^;/' 5 ' a6w(a)) S CT A^ } . 

Let s C 5 be a singular sphere. Then s inherits a natural structure as a Coxeter complex 
as follows. By a reflection on s we mean an involutive isometry of s whose fixed point set is 
a codimension one subsphere. We define the induced Weyl group W s C Isom(s) on s as the 
subgroup generated by those reflections on s which are induced by isometries in W. The pair 
(s, W s ) is a Coxeter complex and we refer to it as a Coxeter subcomplex of (S, W). The Coxeter 
tesselation of s is in general coarser than its polyhedral structure inherited from S. Let us call 
the fixed point set of a reflection on s and in W s an s-wall. Every face of codimension > 1 
in s with respect to the (coarser) intrinsic polyhedral structure is contained in an s-wall. A 
codimension one face in s with respect to the (finer) polyhedral structure induced from S is 
contained in an s-wall if and only if both top-dimensional faces in s adjacent to it (again with 
respect to the finer polyhedral structure) have the same type, i.e. the same #s-image. 

Remark 2.1. Note that W s can be strictly smaller than the image of the natural homomor- 
phism Stabw(s) —> Isom(s). An example for this phenomenon can be seen in the i^-Coxeter 
complex: It contains a singular 1-sphere s of type 13756137561 (the first and last 1 to be iden- 
tified). The induced Weyl group W s is trivial, but the antipodal involution on s is induced by 

2 3 4 5 6 7 

isometries in Stabwys). Here we use the labelling ' ' j ' ' ' for the Dynkin diagram. 



We call a Coxeter complex trivial or a sphere if its Weyl group is trivial. The Coxeter 
complex (S, W) splits off a sphere factor if and only if W has fixed points, equivalently, if and 
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only if A mod has diameter ir. In this case the sphere Fix(W) C S is canonically identified with 
the unique maximal sphere factor of (S, W), its spherical de Rham factor. 

We call a Coxeter complex reducible if it decomposes as the spherical join of Coxeter com- 
plexes. Join decompositions of a Coxeter complex correspond to join decompositions of its 
model Weyl chamber. For a Coxeter complex without spherical factor holds diam(A mo d) < |. 
(If two VT^-orbits in S have distance > | then each of them is contained in an open hemisphere 
and has a center fixed by W .) It is irreducible if and only if diam(A mo d) < |. The de Rham 
decomposition of (S, W) is the unique maximal decomposition as the join of the spherical de 
Rham factor and some irreducible nontrivial Coxeter complexes. 

Suppose now that W has no fixed points on S. Then (S, W) has no spherical factor and 
A mod is a spherical simplex. As remarked above, A mod has diameter < | with equality if and 
only if (S, W) is reducible. The dihedral angle between any two panels of A mod equals - for 
some integer p > 2. If A mod has no one-dimensional join factor, then the only possible values 
for p are 2,3,4 and 5. The geometry of A mod can be encoded in a marked (or weighted) graph 
T, the Coxeter graph, as follows. The vertices of T correspond to the panels of A mod . Two 
vertices are not connected if the corresponding dihedral angle equals |; they are connected by 
an edge if the angle equals |, and by an edge with label p if the angle equals - with p > 4. 
If no edge labels ^ 4, 6 occur, as it is the case for the Coxeter complexes coming from a root 
system, then one often replaces the edges with label 4 by double edges and the edges with 
label 6 by triple edges. The resulting graph with multiple edges is called the Dynkin diagram. 
The Coxeter graph determines A mod up to isometry. Note that V is disconnected if and only if 
(S, W) is reducible, equivalently, if A mod decomposes as a spherical join. The classification of 
irreducible spherical Coxeter complexes can be found in [GB71, Thm. 5.3.1]. The irreducible 
Coxeter complexes of dimension > 2 which occur for thick spherical buildings have the Dynkin 
diagrams A n > 3 , B n > 3 , -D n >4, F4, E 6 , E 7 and E s , cf. [Ti77] and [Ti74, pp. 274]. For a face o C S 
of codimension > 1, the Coxeter graph of its link (S (T S', Stabw(o~)) is obtained from the Coxeter 
graph of (S, W) by deleting those vertices which correspond to the vertices of a. 

When discussing a concrete Coxeter complex we will label the vertices of its Coxeter graph 
by some index set /. This induces also a labelling of the vertices of the Weyl chamber A mod by 
assigning to a vertex v of A mod the label of the vertex of T corresponding to the panel opposite 
to v. 

An automorphism of the Coxeter complex (S, W) is an isometry a of S which preserves the 
tesselation into chambers, equivalently, which normalizes W, i.e. Aut((S, W)) = N Isorn ^ S )(W). 
The isometries in W are the inner automorphisms and the automorphisms outside W are the 
outer automorphisms. The outer automorphism group Out((S, W)) := Aut((S, W))/ Inn((S, W)) 
= N Isom (s)(W) /W is canonically identified with Isom(A mod ) and with the automorphism group 
Aut(T) of the Coxeter graph. 

The antipodal involution of S is always an automorphism of (S, W). It induces the canonical 
involution 1 of A mod . For a chamber A C S there is a unique Weyl isometry w G W with 
wA = —A. The composition — w of w with the antipodal involution of S is an isometric 
involution of A. It coincides with 1 modulo the natural identification A -4- A mod . Note that 
1 is trivial if and only if any two opposite vertices in the Coxeter complex have equal type. 
Regarding the irreducible Coxeter complexes one has that 1 = id\ mod for the Coxeter complexes 
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of types Ai, B n , D 2n , F 4 , E 7 and E 8 , and i ^ id^ mod for the Coxeter complexes of types A n > 2 , 
D 2n +i and E 6 . 

2.2.2 The Coxeter complex of type F A 

Let (S 3 , W Fi ) be the Coxeter complex of type F 4 . We use the labelling i — . — . — . for its 
Dynkin diagram IV 4 . We collect here some geometric properties of (S 3 , W Fi ) which will be 
needed in the proof of Theorem 3.1 and which can be deduced from the information in [GB71, 
ch. 5.3]. 

We have Out((S 3 , W Fi )) = Isom(A^ od ) ^ Aut{V Fi ) ^ Z 2 . The nontrivial involutive isom- 
etry of A^ 4 od exchanges the vertices 1 -H- 4 and 2 <H> 3. Hence the properties of i- and (5 — i)- 
vertices are dual to each other. 

If we consider (S 3 , Wf 4 ) embedded in M 4 as the unit sphere, we can describe the Weyl group 
as a group of isometries of 1R 4 as follows. The Weyl group W Fi is the finite group generated by 
the reflections at the hyperplanes orthogonal to the fundamental root vectors: 

1 

ri = --(1,1,1,1), r 2 = ei, r 3 = e 2 - e u r 2 = e 3 - e 2 . 
The fundamental Weyl chamber A is given by the inequalities: 

(1) (2) (3) (4) 

Xi + ■ ■ ■ + x 4 < ; < xi < x 2 < x 3 . 
We list vectors representing the vertices of A: 



1-vertex: 


Vi 


( 


o, 


o, 


o, 


-1) 


2-vertex: 


v 2 


( 


1, 


1, 


1, 


-3) 


3- vertex: 




( 


o, 


1, 


1, 


-2) 


4- vertex: 


V 4 


( 


o, 


o, 


1, 


-1) 



All half- apartments of (S 3 , W Fi ) are centered at a vertex. The vertices of types 1 and 4 are the 
vertices of root type. We list vectors representing these vertices: 

1-vertices: ±ej for i — 1, . . . , 4; |(±ei ± e 2 ± e 3 ± e 4 ) 

4- vertices: ±ej ± ej for 1 < % < j < 4 

The vertices of root type are better separated from each other than the other types of vertices. 
The possible mutual distances between 1-vertices (4-vertices) are 0, |, |, and ir. Any two 
pairs of 1-vertices with the same distance are equivalent modulo the action of the Weyl group. 
Two 1-vertices with distance | are connected by a singular segment of type 121, two 1-vertices 
with distance | by a singular segment of type 141, and two 1-vertices with distance ^ by a 
singular segment of type 12121. 
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The link of a 1-vertex is a Coxeter complex Si of 
type B 3 with induced labelling « — . — . for its Dynkin 
diagram. Any two different 2- vertices in Si with dis- 
tance < | are connected by a singular segment of 
type 232, and any two non-antipodal 2-vertices with 
distance > | are connected by a singular segment of 
type 242. 



The link of a 2- vertex is a Coxeter complex S 2 of 

1 O A 

type A\ o A 2 with induced labelling . . — . for its 
Dynkin diagram. 

The following types of singular 1-spheres occur in (S 3 , W Fi ): 





1 4 




1 1 




The last type can be verified e.g. using the Dynkin diagrams of the links Sj, compare sec- 
tion 2.2.1, and the edge lengths of A. 

The canonical involution i : A^ od — > A^ od is trivial. Accordingly, the antipodes of i-vertices 
in the Coxeter complex are i-vertices. 

Remark 2.2. Since Out{{S 3 ,W F J) ^ Z 2 , the normalizer Aut{{S 3 , W Fa )) of W Fi in Isom{S 3 ) 
is an index two extension of W Fi . However, it is not a reflection group, because the nontrivial 
isometry of A fixes no vertex and therefore is not induced by a hyperplane reflection. 



2.2.3 The Coxeter complex of type E & 

2 3 4 5 6 

Let \S , W F6 ) be the Coxeter complex of type Eq. We use the labelling ' " ' for its Dynkin 

diagram r^ 6 . We collect here some geometric properties of (S 5 , We 6 ) which will be needed in 
the proof of Theorem 3.18 and which can be deduced from the information in [GB71, ch. 5.3]. 

We have Out{{S 5 , W El5 )) = Isom{A^ od ) = Aut(T E(j ) = Z 2 . The nontrivial involutive 
isometry of A^ 6 od fixes the vertices 1 and 4 and exchanges the vertices 2 <H> 6 and 3 <H> 5. 

Our model for (S 5 ,W Efi ) is based on a model for the Coxeter complex (S 7 ,W Es ) of type 
E 8 . We consider (S 7 , W Es ) embedded in M 8 as the unit sphere and will use the labelling 
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2 3 4 5 6 7 8 

' ' J ' ' ' " for its Dynkin diagram. The root system of Eg consists of the vectors 

±e« ± ej for 1 < i < j < 8, 

8 8 

\ with ti = ±1 such that Yl e % = ~ 1- 

i=i i=i 

(The walls are the intersections of S 7 with the hyperplanes perpendicular to a vector in the 
root system.) 

The link Y.O-S 7 of a type 78 edge a is a Coxeter complex of type E e . The 8-vertices in 
(S 7 ,We 8 ) are the vertices of root type. The 78-edges have length | and a pair of 8-vertices 

with distance § or ^ lies on a singular circle of type . . . 8787 Thus a model for (S 5 , We 6 ) can 

be obtained by choosing two E 8 -root vectors r,r' with angle ^, taking S 5 := S 7 fl (r, r') 1 - and 
W B6 = Fix WEs ({r,r'}). The model in [GB71] uses r = e 8 - e 7 and r' = |(1, 1, 1, 1, 1, 1, 1, -1). 
For us the choice r = e 8 — e 7 and r' = e 7 — e 6 is more convenient, i.e. we realize («S 5 , We 6 ) as 
the unit sphere in M 6 = {(xi, . . . , x 8 ) € M 8 | xq = x 7 = x 8 }. 

The i? 6 -root system then consists of the -E 8 -root vectors perpendicular to r and r', i.e. of 

±ej ± ej for 1 < i < j < 5, 

8 ' 8 (2.3) 

I X] =t e i e i with €i = ±1 such that [| e« = — 1 and e6 = e 7 = e 8 . 

i=i i=i 

The Weyl group W 7 ^ is the finite group of isometries of generated by the reflections at the 
hyperplanes orthogonal to the fundamental root vectors: 

ri = 1, 1, -1, -1, -1, -1, -1), n = ej - e;_i for 2 < i < 5; 
and r 6 = |(1, 1,1, 1,-1, 1,1,1). 

It contains as a proper subgroup the group W which permutes the first five coordinates and 
changes an even number of their signs. 

The fundamental Weyl chamber A is given by the inequalities: 

(1) (2) (3) (5) (6) 

x 4 + x 5 H h x 8 < x 1 + x 2 + x 3 ; x 1 < x 2 < ■ ■ ■ < x 5 ; x 5 < x ± H h x 4 + x 6 + x 7 + x 8 - 

We list vectors representing the vertices of A: 



1-vertex: 


Vl 


( 1, 


1, 


1, 


1, 


1, 


-1, 


-1, 


-1) 


2- vertex: 


V2 


(-3, 


3, 


3, 


3, 


3, 


-1, 


-1, 


-1) 


3- vertex: 


V3 


( o, 


o, 


3, 


3, 


3, 


-1, 


-1, 


-1) 


4- vertex: 


V 4 


( 1, 


1, 


1, 


3, 


3, 


-1, 


-1, 


-1) 


5- vertex: 


v 5 


( 3, 


3, 


3, 


3, 


9, 


-1, 


-1, 


-1) 


6- vertex: 




( 3, 


3, 


3, 


3, 


3, 


1, 


1, 


1) 



All half-apartments in (S 5 ,We 6 ) are centered at a vertex. The 1-vertices are the vertices of 
root type, and they are represented by the root vectors (2.3). 

The possible mutual distances between 1-vertices are 0, f , f , f and 7i. The pairs of 1- 
vertices with the same distance are equivalent modulo the action of the Weyl group. (This can 
be verified e.g. by considering the pairs containing v\ which has a large stabilizer in W .) A 
pair of 1-vertices with distance | (^) is connected by a type 141 (14141) singular segment. 
(Note that i>4 is the midpoint of v\ and the 1-vertex represented by e 4 + e$.) 
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The segment connecting two 1- vertices with distance | is not singular, 
i Its simplicial convex hull is a rhombus whose other diagonal is a 26- 
edge. (The midpoint of v 2Vq equals the midpoint of v\ and the 1-vertex 
represented by \{— 1, 1, . . . , 1).) 

An equilateral triangle with 141-sides is not a simplicial subcomplex. Its center is the 
midpoint of a 35-edge perpendicular to the triangle. A square with 141-sides is not a simplicial 
subcomplex either. Its center is the midpoint of a 26-edge perpendicular to the square. 

To verify these last facts, note that the link of a 1-vertex is a 4- 
dimensional Coxeter complex Ei of type with induced labelling 
2 3 4 5 6 for its Dynkin diagram. Any two distinct non-antipodal 
4-vertices in Si have distance arccos(±i), cf. section 2.2.4. The 
segment connecting them is not singular. Its simplicial convex hull is a rhombus whose other 
diagonal is a 35-edge if the 4-vertices have distance arccos |, and a 26-edge if they have distance 
arccos(— |). Furthermore, the link of an edge of type 35 (26) in (S 5 , We 6 ) is a Coxeter complex 

3 5 

£35 (£26) °f tyP e A 2 oAio Ai (D4) with Dynkin diagram \ l_t S ( ^Y) and contains a singular 
1-sphere of type . . . 1414 . . . with edge length § (f )■ 

Next we list the 2-vertices modulo the action of W C We 6 , more precisely, vectors repre- 
senting them: 

(-3, 3, 3, 3, 3,-1,-1,-1), ( 0, 0, 0, 0, 6, 2, 2, 2) 
( 0, 0, 0, 0, 0,-4,-4,-4) 

Since — v 6 is a 2-vertex, the 6-vertices are just the antipodes of the 2-vertices. We see that the 
canonical involution t : A^ 6 od — > A^ od is the nontrivial isometry. Accordingly, the antipodes of 
i-vertices in the Coxeter complex are i-vertices for i — 1, 4 and (8 — i)-vertices for i = 2,3, 5, 6. 

The possible mutual distances between 2-vertices (6-vertices) are 0, arccos | and Any 
two pairs of 2-vertices with the same distance are equivalent modulo the action of the Weyl 
group. (This is obvious from considering the W-orbits.) Two 2-vertices (6-vertices) with 
distance arccos \ are connected by a singular segment of type 232 (656), and two 2-vertices (6- 
vertices) with distance ^ by a singular segment of type 262 (626). (One sees this by extending 
the edges t>2t>3 and v 2 v% of A.) 

The possible distances between a 2-vertex and a 6-vertex are |, arccos(— |) and ir. If their 
distance is |, they are connected by an edge of type 26; if their distance is arccos(— |), they 
are connected by a singular segment of type 216. (This and the next list can be verified using 
the Dynkin diagrams of the links Ej and the edge lengths of A.) 

The following types of singular 1-spheres occur in (S 5 , We 6 )'- 
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We will also need some information about the geometry of the links of (S* 5 , W E(i ), and in one 
case about the links of the links. These Coxeter complexes are of classical type, see section 
2.2.4. The links of 1-vertices have already been mentioned above. 

The link of a 2- vertex in (S* 5 , W Ee ) is a 4-dimensional Coxeter complex E 2 of type _D 5 with 

3 

induced labelling ^> 5 - 6 - for its Dynkin diagram. In view of the symmetry of the Dynkin 
diagram, the roles of the 1- and 3- vertices are equivalent. 

Any two distinct 6-vertices in E 2 have distance | or ir. In the first case, their midpoint is 
a 5-vertex and they are connected by a singular segment of type 656. The convex hull of a 
triple of 6-vertices in £ 2 with pairwise distances | is a right-angled equilateral triangle centered 
at a 4-vertex. The 2-sphere containing it is a singular 2-sphere isomorphic to the -E?3-Coxeter 
complex with Dynkin diagram ^LJ 5 — It is tesselated by forty eight 654-triangles. 
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The convex hull of a quadruple of 6-vertices in £ 2 with pairwise distances | is an equilateral 
tetrahedron with edge lengths |. Its codimension-one faces are simplicial subcomplexes com- 
posed of six 654-triangles. However, the tetrahedron itself is not a simplicial subcomplex; its 
center is the midpoint of a 13-edge. Accordingly, the geodesic 3-sphere containing the tetrahe- 
dron is not a subcomplex either, and its simplicial convex hull is the entire Coxeter complex. 

The link of a 6-vertex in (S 5 , We 6 ) is a 4-dimensional Coxeter complex T,q of type with 
induced labelling • • 4 <^ t for its Dynkin diagram. Its geometric properties are dual to the 
ones of S 2 . For instance, the singular 2-sphere containing a 234-triangle is isomorphic to the 
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i?3-Coxeter complex with Dynkin diagram t — 2 — 1. It is tesselated by forty eight 234-triangles, 
compare the figure for Lemma 3.9 below. 

We will use the fact that the possible types of singular segments of length ir in S 6 connecting 
antipodal 2-vertices are 23232, 24342 and 2512. 

As already mentioned above, the link of a 26-edge in (S 5 , W E(j ) is a 3-dimensional Coxeter 

3 5 

complex £ 26 of type D 4 with induced labelling v y " for its Dynkin diagram. In view of the 
symmetries of the Dynkin diagram, the roles of the i- vertices for i 7^ 4 are equivalent. 
Any vertex adjacent to a 4- vertex in £ 26 has distance j from it. 

Any two non-adjacent vertices in £26 °f different types 7^ 4 are connected by a singular 
segment through a vertex of the third type 7^ 4, and they lie on a singular 1-sphere of type 
1351351 (the first and last 1 to be identified). For instance, two non-adjacent vertices of types 
1 and 3 are connected by a segment of type 153. 

Any two distinct vertices in £ 26 of the same type % 7^ 4 have distance | or ir. In the first 
case, their midpoint is a 4- vertex and they are connected by a singular segment of type 
The convex hull of a triple of i-vertices with pairwise distances | is a right-angled equilateral 
triangle. We observe that it is not a simplicial subcomplex of the Coxeter complex; its center 
is the midpoint of an edge perpendicular to it and with endpoints of the two types 7^ i,4. 
For instance, if % — 3 then it is the midpoint of a 15-edge. Accordingly, the geodesic 2-sphere 
containing such a triple of i-points is not a subcomplex, and its simplicial convex hull is the 
whole Coxeter complex. 

There is only one type of singular 2-spheres in £ 26 , equivalently, the singular 2-spheres are 
composed of all four types of 2-dimensional faces. 
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Remark 2.4. We have Out((S 5 , We 6 )) = Z 2 . However, the index two extension Aut((S 5 , W Ee> )) 
of We 6 is not a reflection group, because the nontrivial isometry of A fixes only two vertices 
and therefore is not induced by a hyperplane reflection, compare Remark 2.2. 

2.2.4 The Coxeter complexes of classical types 

We consider a spherical Coxeter complex (S 71-1 , W) embedded in M. n as the unit sphere and we 
describe the Weyl group as a group of isometries of M, n . 
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Type A n . Let n > 1. We use the labelling I — }... n ^ i -J i for the Dynkin diagram of type A n . 
The Weyl group Wa„ is the finite group of isometries of K n = {xq + ■ ■ ■ + x n = 0} C IR n+1 
generated by the reflections at the hyperplanes orthogonal to the fundamental root vectors 

f'i = e« — ej_i for 1 < i < n. 

The fundamental Weyl chamber A is given by the inequalities: 

(1) (2) (n) 

Xq < X 1 < . . . < X n (2.5) 

We list vectors representing the vertices of A: 

1- vertex: Vi ( — n, 1, 1, . . . , 1, 1, 1 ) 

2- vertex: v 2 ( -(n-1), -(n-1), 2, . . . , 2, 2, 2) 

(n — l)-vertex: t> n _! ( —2, —2, —2, —2, n—1, n — 1 ) 

n-vertex: f n ( —1, —1, —1, —1, —1, n) 

The root system consists of the vectors 

±(ej — ej) for < i < j < n. 

(The walls are the intersections of S with the hyperplanes perpendicular to a vector in the root 
system.) The Weyl group Wa„ acts on M n+1 by permutations of the coordinates. 

The canonical involution i : A^" d — > A^" d is the nontrivial isometry. Accordingly, the 
antipodes of i-vertices in the Coxeter complex are (n + 1 — i)-vertices. 

Remark 2.6. We have Out((S n ~ 1 , Wa„)) — ^2 for n > 2. However, the index two extension 
Aut((S n ~ 1 , Wa u )) of W A n is not a reflection group if n > 4, because the nontrivial isometry 
of A moves more than two vertices and therefore is not induced by a hyperplane reflection. If 
n < 3, we have Aut((S 2 , W As )) = W Bs and Aut((S\ W A ,)) = W G2 . 

Type B n . Let n > 2. We use the labelling l^J-J.-.IlL, 11 for the Dynkin diagram. The 
Weyl group W Bn is the finite group of isometries of W 1 generated by the reflections at the 
hyperplanes orthogonal to the fundamental root vectors 

ri — e±, r\ = — ej_i for 2 < i < n. 

The fundamental Weyl chamber A is given by the inequalities: 

(2.7) 



(1) 


(2) (3) 


(n) 


< x 1 


<X 2 < . 




We list vectors representing the vertices of A: 




1-vertex: 


Vl 


(1,1,1, ••-,!) 


2-vertex: 




(0,1,1,...,1) 


3- vertex: 


v 3 


(0,0,1,. ..,1) 


{n — l)-vertex: 


V n -1 


(0,..., 0,1,1) 


n-vertex: 


V n 


(0,... ,0,0,1) 
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All half- apartments in (S n 1 , W Bn ) are centered at a vertex. The vertices of types n and n — 1 
are the vertices of rooi type. They are represented by the vectors 

±e, for 1 < i < n, 

±ej ± ej for 1 < i < j < n. 

The Weyl group W Bn acts on W n by permutations of the coordinates and change of signs. 

The canonical involution i : A^" d — >■ A^" d is trivial. Accordingly the antipodes of i-vertices 
in the Coxeter complex are i-vertices. 

Remark 2.8. Out((S n ~ l } W Bn )) is trivial for n > 3. For n = 2, we have Aut(S l , W B2 ) = W h{8) . 

i 

Type D n . Let n > 4. We use the labelling ^> — .••• 1 i^. n for the Dynkin diagram. The Weyl 

group W Bn is the finite group of isometries of lR n generated by the reflections at the hyperplanes 
orthogonal to the fundamental root vectors 

r± — e± + e 2 , u — — ej_i for 2 < i < n. 

The fundamental Weyl chamber A is given by the inequalities: 

(1) (2) (3) (n) 

-x 2 < x 1 < x 2 < . . . < x n (2.9) 
We list vectors representing the vertices of A: 

1- vertex: v\ ( 1, 1, 1, . . . , 1) 

2- vertex: f 2 (— 1, 1, 1, . . . , 1) 

3- vertex: t> 3 ( 0, 0, 1, . . . , 1) 

( 0,... ,0,1,1) 
( 0,... ,0,0,1) 

All half-apartments in (S*™ -1 , W Bn ) are centered at a vertex. The vertices of type n — 1 are the 
vertices of root type. They are represented by the vectors 

±ej ± ej for 1 < i < j < n. 

The Weyl group W Bn acts on M. n by permutations of the coordinates and change of signs in an 
even number of places. 

The canonical involution i : A^" d — > A^" d is trivial for n even. Accordingly, in this case 
the antipodes of i-vertices in the Coxeter complex are i-vertices. For n odd, the canonical 
involution is the nontrivial isometry. The antipodes of 1-vertices are then 2-vertices and for 
i — 3, . . . , n the antipodes of i- vertices are i- vertices. 

In the models chosen here, the root system of D n is contained in the root system of B n , 
and thus the _B n -Coxeter complex is a subdivision of the D n -Coxeter complex. The vertices of 
root type (n — 1) in D n are the vertices of a fixed type (also n — 1) in B n . Hence the _D n -root 



{n — l)-vertex: t> n _i 
n-vertex: v n 
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system is preserved by W Bn and W Dn C W Bn C Aut{(S n ~ l ,W Dn )) , cf. section 2.2.1. If n > 5, 
then W Dn )) ^ Z 2 and it follows that 

Aut((S n -\ W Dn )) = W Bn for n > 5 (2.10) 

and P^Bn — VFd„ x Z 2 . The subdivision of A D ™ into two -B n -Weyl chambers is obtained by 
cutting along the hyperplane perpendicular to ±ei. 

The Dynkin diagram of has more than two symmetries, Aut(Y£> A ) — Out(S 3 , Wd a ) — S3, 
and indeed the root system of -D4 is contained in a larger root system than the one of B4, namely 
in the root system of F4, Thus the Z^-Coxeter complex can be subdivided into the _F 4 -Coxeter 
complex. More precisely, the _D 4 -root system is preserved by W Fa , because the vertices of 
root type (3) in D4 are the vertices of a fixed type (4) in F4. Accordingly, Wd a is a normal 
subgroup of W Fa , W Da C W Fa C Aut((S 3 , W Da )). Since also W Da C W Ba C W Fa , it is clear that 
[W Fa : W Da ] = 6. (This can also easily be checked directly, for instance, by determining the 
F4- walls intersecting the fundamental Weyl chamber A 1 * 4 , respectively, containing its center.) 
It follows that 

Aut{{S\W DA )) = W FA) (2.11) 

and W Fa = Wd a x S3. The subdivision of A D-t into six F 4 -Weyl chambers is obtained by taking 
the barycentric subdivision of the equilateral type 124 face and coning off at the 3-vertex. 

2.3 Spherical buildings 

We refer to [KL98, ch. 3] for a treatment of spherical buildings from the perspective of com- 
parison geometry. 

2.3.1 Some basic definitions 

We recall the geometric definition of spherical buildings as given in [KL98, ch. 3.2]. A spherical 
building modelled on a Coxeter complex (S, W) is a CAT(l) space B equipped with an atlas 
consisting of isometric embeddings 1 : S "-^ B, the charts, satisfying certain properties. The 
images of the charts are called the apartments. Any two points must lie in an apartment. 
The atlas must be closed under precomposition with isometries in W, and the charts must be 
compatible in the sense that the coordinate changes are restrictions of isometries in W. 

The underlying set may be empty, in which case the building is called a spherical ruin. 

One defines walls, roots, singular spheres, faces, chambers, panels, regular and singular 
points as the images of the corresponding objects in the model Coxeter complex. In particular, 
a spherical building carries a natural structure as a piecewise spherical polyhedral complex, in 
fact, as a simplicial complex if W has no fixed points on S. The building B is called thick, if 
every panel is adjacent to at least three chambers. 

Two points in B are called antipodal if they have maximal distance ir. 

Let a C B be a face of codimension > 1. Then for an interior point x G a, the link T, X B 
splits as the spherical join Tj x B = H x a o v x o of the unit sphere S x <t and the unit normal space 
v x o of o in B. One can consistently identify with each other the unit normal spaces v x a for 
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all interior points x G a. This identification can be described as follows: For interior points 
xi,X2 € a, let q : [0, e) — > B be unit speed geodesic segments emanating from Xi orthogonal 
to a. Then the directions q(0) G v Xi a are identified if and only if for small t > the convex 
hulls CH(aU {ci(t)}) locally coincide near x\ and x<i. We call the resulting identification space 
the link Y, a B of the face a . It inherits a natural structure as a spherical building modelled on 
the Coxeter complex (£ t -i (cr ) 1 S', Stab w (L^ 1 (a))) where i : S ^ B is a chart with <j C t(S'). For 
faces a C r there is a canonical identification £ T £? = S SCTT (S CT i?). 

There is a natural "accordion" anisotropy map 9 B '■ B — >■ A mo d folding the building onto 
the model Weyl chamber. It is determined by the property that for any chart i : S ^ B 
holds 9 B o l = 9 S . The anisotropy map is 1-Lipschitz and restricts to isometries on chambers. 
Furthermore, for any apartment a C B and any chamber a C a there is a natural 1-Lipschitz 
retraction p acr : B — >■ a, p aiCr | a = ?d a , which can be described as follows: For a regular point 
i G (T and any point y E B not antipodal to x, the segment connecting x to p a ,a{y) coincides 
with the segment xy near x and has the same length. The retraction is type preserving, 
@b ° Pa,a — #B) an d it restricts to an isometry on every apartment containing a. 

The following result in the spirit of [KL98, Prop. 3.5.1] allows to recover the building 
structure from the anisotropy map. 

Proposition 2.12 (Recognizing a building structure). Suppose that X is a CAT(l) space 
which is equipped with a structure as a piecewise spherical polyhedral complex of dimension 
equal to dim(S'). Let 9x '■ X — > A m0( i be a 1-Lipschitz map which restricts on every top- 
dimensional face to an isometry onto A moc ;. Suppose furthermore that any two points in X 
lie in an isometrically embedded copy of S. Then X carries a natural structure as a spherical 
building modelled on the Coxeter complex (S, W) and with anisotropy map 9x- 

Proof. We call a top-dimensional face of X a chamber and an isometrically embedded copy of 
S an apartment. Due to our assumption, the apartments are tesselated by chambers. For any 
two adjacent chambers o\ and 02 in an apartment a there is the isometry {9x\a 2 )~ 1 {®x\a 1 ) '■ 
o~\ — > o~2- It must coincide with the reflection at the common codimension-one face o\ n 02 . 
Hence there is an isometric identification 1 : S — >■ a satisfying 9x 1 = 9$ which is unique up to 
precomposition with Weyl isometries. The compatibility of all these charts for all apartments 
is automatic and they form an atlas for a spherical building structure modelled on (S, W) with 
anisotropy map 6x- □ 

An isometry a : B — > B is called an automorphism of the spherical building B if it preserves 
the polyhedral structure. If B is a thick building, then all its isometries are automorphisms. An 
automorphism is called inner if it is type preserving, 9b°ol = 9 B . We denote the automorphism 
group of B by Aut(B), and the subgroup of inner automorphisms by Inn(B). Then Inn(B) is a 
finite index normal subgroup of Aut(B) and Out(B) := Aut(B) / Inn(B) embeds as a subgroup 
of Isom(A mod ) = Out((S, W)). 

2.3.2 Convex subcomplexes and subbuildings 

Let B be a spherical building. By a convex subcomplex of B we mean a closed convex subset 
which is also a subcomplex with respect to the natural polyhedral structure on B. The simplicial 
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convex hull of a subset A C B is the smallest convex subcomplex of -B containing A. 

We call a convex subcomplex K C 5 a subbuilding if any two of its points are contained in a 
singular sphere s C K with dim(s) = dim (if). The next result tells that a subbuilding inherits 
a natural structure as a spherical building. To describe the associated Coxeter complex, let 
a C B be an apartment containing a singular sphere s C K with dim(s) = dim(if) and let 
t : 5 1 4 a C 5 be a chart. As explained in section 2.2.1, the singular sphere l~ 1 (s) C 5 inherits 
from S a natural structure as a Coxeter complex with a possibly coarser polyhedral structure. 
Its W-type, that is, its equivalence class modulo the action of the Weyl group does not depend 
on the choice of s. 

Proposition 2.13 (Building structure on subbuildings). The subbuilding K C B carries 
a natural structure as a spherical building modelled on the Coxeter complex W L -i^). 

Proof. We fix a singular sphere s C K with dim(s) = dim(if). Let a be an apartment containing 
s and let a C a be a chamber such that erfl s is a top-dimensional face of s. Then the retraction 
p ajCr : -B — )■ a restricts to a retraction p St(T ns '■ K — > s of K. 

We note that p Si0 -ns restricts to an isometry on every singular sphere s' C K containing aHs. 
Using a chart t : S 4 a C 5, we can pull back the intrinsic polyhedral structure (as a Coxeter 
complex) on t _1 (s) to s' via i^ 1 o p SjCrns | s /. We will refer to the pulled back structure as the 
intrinsic polyhedral structure on s'. The main point to verify is that the intrinsic polyhedral 
structures on all such singular spheres s' match and yield a polyhedral structure on K. 

At this point, we have on K only the polyhedral structure which it inherits from S. We say 
that K branches along a codimension one face 0, if K has at least three top-dimensional faces 
Ti, T2 and T3 adjacent to 0, i.e. with as a common codimension one face. It then follows that 
the Tj (and all top-dimensional faces of K adjacent to 4>) must have the same #e-type. Indeed, 
the unions Tj U Tj for % 7^ j are convex, because K is convex and the Tj are top-dimensional 
in K. Let iij be charts whose images contain Tj U Tj. We may choose, say, i± 2 and l 13 so that 
t r2 1 ( r i) = L i3( T i)- Then necessarily i^ 1 ^) = 1^13(^3) and hence #b(t2) = 0b(t~3). Similarly, 
Mri) = Ob{t 2 ). 

Let s' C X be a singular sphere containing and cr D s. Since the two top-dimensional 
faces in s' adjacent to <fi have the same ^s-type, the codimension one singular subsphere t' C s' 
containing <p is an s'-wall in the sense that (i^ 1 o p s ^ ns )(t') is an i _1 (s)-wall as defined in 
section 2.2.1. 

The intersection s'C\s" of any two singular spheres s', s" C K containing ads is obviously top- 
dimensional in K. Our discussion implies that it is a subcomplex with respect to the intrinsic 
polyhedral structures of these singular spheres, because its boundary consists of codimension 
one faces of K along which K branches and thus is contained in a union of s'- walls (s"- walls). It 
follows that the intersection of any two top-dimensional faces r' C s' and r" C s" with respect 
to the intrinsic polyhedral structures is either empty or a face of r' (and t"). This means that 
the intrinsic polyhedral structures on the singular spheres in K containing a fl s match and 
form together a polyhedral structure on K. 

To conclude the argument, we observe that the 1-Lipschitz map 
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restricts on top-dimensional faces (for the new polyhedral structure just defined) to surjective 
isometries, because for singular spheres s' C K containing a fl s the map t _1 (s) ° p s ,ans\s' '■ 
s' — > i _1 (s) is an isometry preserving the polyhedral structure. The assertion follows now from 
Proposition 2.12. □ 

We discuss now some conditions implying that a convex subcomplex is a subbuilding. To 
begin with, the existence of a top-dimensional subsphere is sufficient. 

Proposition 2.14. If a convex subcomplex K C B contains a singular sphere s C K with 
dim(s) = dim(K), then it is a subbuilding. 

Proof. For top-dimensional subcomplexes this is [KL98, Prop. 3.10.3]. The proof in the general 
case is similar. One observes first that every point x G K has an antipode x in s. More 
precisely, for an arbitrary point y G s the antipode x can be chosen so that y lies on a geodesic 
segment xx of length ir. To see this, let a C s be a face containing y with dim(a) = dim(s) 
and let y\ be an interior point of a. Then the geodesic segment xy\ is contained in s near y 1 
and therefore can be extended beyond y\ inside s to a geodesic segment xy\X of length n. The 
convex hull CH({x,x} U a) is a bigon and contains a geodesic segment xyx of length n. 

The convex hull of x and a small disk in s around a; is a singular sphere s' with y G s' C K. 
We see that any point and also any pair of points in K lies in a singular sphere of dimension 
dim(K) contained in K. □ 

If every point of K has an antipode in K, then clearly plenty of spheres s C K as in 
Proposition 2.14 exist. Just take the simplicial convex hull of a pair of maximally regular 
antipodes in K. (A point in K is said to be maximally regular if it is an interior point of a 
face a C K which is top-dimensional in K, dim(<r) = dim(K).) The next result says that it is 
enough to assume the existence of antipodes only for vertices. 

Proposition 2.15 ([Se05, Thm. 2.2]). If every vertex of a convex subcomplex K C B has 
an antipode in K , then K is a subbuilding. 

Proof. Let a C K be a simplex with vertices po, ■ ■ ■ ,Pk- In view of Proposition 2.14, it suffices 
to show that there exists a singular /c-sphere s& with o~ C Sk C K. 

We proceed by induction over k. By assumption, the assertion holds for k — 0. To do 
the induction step, we consider a singular (k — l)-sphere Sk-i with p , . . . ,pk-i G Sk-i C K. 
The convex hull of Sk-i and pk is a k- hemisphere h k C K with boundary dh^ = Sfc_i. By 
assumption, p k has an antipode p k in K. The convex hull of h k and contains a singular 
/c-sphere s k with cr C s k C if. □ 

The following simple observation will be useful when we search for antipodes in convex 
subcomplexes. 

Lemma 2.16. Let X\X2 C K be a segment. Suppose that z is an interior point of x 1X2 which 
has an antipode z G K . Then the Xi also have antipodes in K . 

Proof. Let 7, C K for i — 1, 2 be the geodesic connecting z and z with initial direction zx S -i 
at z. Then XiZ U 7$ is a geodesic of length > 7r, and 7, contains an antipode of Xj. □ 
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We will call a point x in a convex subcomplex K C -B an interior point of if is a 
subbuilding of E X .B, and a boundary point otherwise. 

2.3.3 Circumcenters 

Let -B be a spherical building and let K C -B be a non-empty convex subcomplex. 

We recall that if rad(fT) < | then K has a unique circumcenter which must be contained 
in K, cf. section 2.1.2. 

If rad(-fr) = |, then the arguments in [BL05, ch. 3] for general CAT(l) spaces of finite 
dimension yield that Cent(K) ^ 0. Moreover, if K D Cent(K) ^ 0, then K n Cent(K) has a 
unique circumcenter. In our special situation, the proofs simplify and we include them for the 
sake of completeness. 

Lemma 2.17. If B is a spherical building and if K C B is a convex subcomplex with rad(K) = 
\, then Cent(K) ^ 0. 

Proof. Consider a sequence of points Xi G B with r&d(K, x«) \ |. We may assume that 
^s(^i) — >■ * £ ^mod by compactness. Let <7j denote the face of B containing Xi as an inte- 
rior point. For sufficiently large i, o~i contains a point x\ with 9s{x' i ) = t. (Namely, when 
d(9B(xi),t) < 5 where S is the distance between t and the union of those faces of A mo d which 
do not contain t in their closure.) We have d(x' i ,x i ) — > and hence also rad(K, xQ — > |. Since 
the x\ have fixed 6*B-type t and since K is a subcomplex, it follows that rad(X, = | for large 
i. This is due to the fact that the radius of a face of B with respect to a point of fixed type t 
can take only finitely many values (depending on t and the Coxeter complex). □ 

The following observations apply to the situation when the closed convex subset KnCent(K) 
is non-empty. Clearly, it has diameter < |. We begin with a consequence of [BL05, Prop. 1.2]: 

Lemma 2.18. Suppose that A C B is a non-empty subset with diam(A) < | and such that 
9b(A) C A mod is finite. Then rad(A) < |. 

Proof. By the finiteness assumption on types, the distances between points in A take only 
finitely many values. Therefore, if for some point x G A holds d(x, y) < | for all y E A, then 
rad(A, x) < | and we are done. 

Otherwise, we pick some point x G A and consider the set A' C S x -B of directions to the 
points i/GA with d(x, y) — |. The directions in A' have only finitely many ^s-types and, by 
triangle comparison, diam(A') < |. Thus A' satisfies the same assumptions as A. Moreover, 
rad(A') < | implies rad(A) < |. Indeed, let 7 : [0, e) — > B be a geodesic segment with initial 
point 7(0) = x and initial direction 7(0) satisfying rad(A', 7(0)) < |. Then rad(^4, j(t)) < | 
for small t > 0. Here we use again the finiteness of 9b (A); it yields a constant e > with the 
property that d(x, y) — | or d(x, y) < | — e for all y £ A. 

We can therefore proceed by induction on the dimension of B. The assertion holds trivially 
for buildings of dimension zero. □ 

Corollary 2.19. Let C C B be a non-empty closed convex subset with diameter < |. Then 
the action StabA U t(B)(C) ^ C has a fixed point. 
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Proof. Pick any point in C. By Lemma 2.18, its Stab Aut(B)(C)-orbit has circumradius < | and 
therefore a unique circumcenter which is contained in C. It is fixed by StabA U t(B)(C). □ 

Corollary 2.20. If K is as in Lemma 2.17 and if K T)Cent(K) ^ 0, then StabA U t(B){K) r\ K 
has a fixed point. 

Proof. By Corollary 2.19, StabAut(B)(K) fixes a point in K H Cent(K). □ 

Remark 2.21. Cent(K) is the intersection of the closed |-balls centered at the vertices of K. 
Hence Cent(K) is a subcomplex of B with respect to a refinement of the polyhedral structure of 
B which corresponds to a refinement of the polyhedral structure of the Coxeter complex (S, W). 
This refinement can be described as follows: Consider the boundaries of the hemispheres in 
the Coxeter complex centered at its vertices. In general, not all of these codimension one great 
spheres are walls. However there are only finitely many of them and they yield a refinement of 
the polyhedral structure of (S, W) which projects to a subdivision of A mo d- If KnCent(K) ^ 0, 
we may therefore apply Lemma 2.18 to the set of vertices of K n Cent(K) with respect to 
the refined polyhedral structure and conclude that rad(-fT fl Cent(K)) < | . It follows that 
KnCent(K) contains a unique circumcenter which must be fixed by Isom(K) D StabAut(B)(K). 

Combining these results with Proposition 2.14, we obtain: 

Corollary 2.22. // a convex subcomplex K C B contains a singular sphere s C K with 
dim(s) = dim(i^) — 1, then K is a subbuilding or it is contained in a closed ^-ball centered in 
K and the action StabA u t(B)(K) ^ K has a fixed point. 

Proof. K contains a (polyhedral) hemisphere h C K with boundary s. One can obtain h as 
the convex hull of s and a top- dimensional face a of K such that a fl s is a top-dimensional 
face of s. Let z be the center of h. 

If K C ~B*(z), then rad(K) = § and z G K n Cent(K). Corollary 2.20 yields that 
StabAut(B){.K) rx K has a fixed point. 

If K <2 B^ (z), let x e K be a point with d(x, z) > |. There exists an antipode x E h — s of 
x. (Just pick a maximally regular point y <E h close to z and extend the geodesic segment xy 
beyond y inside h up to length 7r.) It follows that the convex hull of x and h contains a singular 
sphere s' with dim(s') = dim(i^). Proposition 2.14 then implies that K is a subbuilding. □ 

The proof shows that if K is not a subbuilding and if h C is a hemisphere with dim(/i) = 
dim(i^) and center z, then K C B*(z). 

3 On the Center Conjecture 

3.1 General properties of potential counterexamples 

Let B be a spherical building and let -ft' C B be a convex subcomplex. We call K a counterexam- 
ple to the Center Conjecture 1.3, if K is not a subbuilding and if the action StabAut(B) (K) ^ K 
has no fixed point. 
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It is easy to see that a one-dimensional convex subcomplex G C B is either a subbuilding 
or a metric tree with intrinsic circumradius < | . In the latter case, G (1 Cent(G) consists of 
precisely one point which then must be fixed by the action Isom(G) rx G. 

Hence a counterexample K must have dimension > 2. According to [BL05], it must even 
have dimension > 3. However, we will not use this fact in order to keep our arguments self- 
contained. 

Our considerations in chapter 2 imply that K cannot contain a singular sphere of codi- 
mension one (in K), cf. Corollary 2.22. Furthermore, K can neither contain a Stab Aut(B){K)- 
invariant subset with circumradius < | nor one with diameter < |, cf. Corollary 2.19. 

3.2 The F 4 -case 

We now prove our first main result. 

Theorem 3.1. The Center Conjecture 1.3 holds for spherical buildings of type F 4 . 

Proof. We will use the information on the geometry of the F 4 -Coxeter complex collected in 
section 2.2.2. 

Let B be a spherical building of type F 4 and let K C B be a convex subcomplex which is 
a counterexample in the sense of section 3.1. Then K must have dimension 2 or 3. 

We start by checking that also the action of the potentially smaller group of inner auto- 
morphisms of B preserving K has no fixed point on K. 

Lemma 3.2. The action Stabj^s^K) rx K has no fixed point. 

Proof. We assume that there exists an automorphism a G Aut(B) — Inn(B) preserving K, 
because otherwise there is nothing to prove. In view of the natural embedding Out(B) <^-> 
Isom(A^ od ) = 7*2, a induces on A^ 4 od the nontrivial isometric involution. Hence it switches 
the vertex types 1 H 4 and 2 <H> 3. Moreover, StabAut(B)(K) is generated by a and the index 
two normal subgroup Stab Inn ^ B ){K). 

The fixed point set of any inner automorphism of B is a convex subcomplex, therefore also 
the StabAut(B){K)-invaiiant subset F := K n Fix(Stabi nn m)(K)) ■ Note that a acts on F as an 
isometric involution without fixed point (since K is a counterexample). Hence a must map any 
point x G F to an antipode, because otherwise x and a(x) would have a unique midpoint which 
would be a fixed point of a in F. On the other hand, for any vertex v G F, v and a(v) have 
different fl^-types and therefore cannot be antipodal. This shows that F = 0, as claimed. □ 

Proof of Theorem 3. 1 continued. Due to the symmetry of the Dynkin diagram, the roles of %- 
and (5 — ?)-vertices are equivalent (dual). Our strategy will be to investigate the pattern of 1- 
and 4-vertices in K, because vertices of these types are better separated from each other than 
2- and 3-vertices. We recall that the possible mutual distances between 1-vertices (4-vertices) 
in B are 0, |, f , ?f and it. 

Case 1: All vertices of types 1 and 4 in K have antipodes in K . Let q G K be a 2- vertex. 
Since dim(K) > 2, there is a vertex p G K of type 1 or 4 adjacent to q. Let p G K be an 
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antipode of p. The geodesic segment pqp of length n contains an interior 1-vertex p' (between q 
and p). Since also p' has an antipode in K, it follows from Lemma 2.16 that q has an antipode 
in K. Hence all 2-vertices in K have antipodes in K, and analogously all 3-vertices in K do. 
This contradicts Proposition 2.15. 

Case 2: K contains vertices of type 1 or 4 without antipodes in K . We may assume without 
loss of generality that K contains 1-vertices without antipodes in K. 

If P is any property defined for i- vertices in K and invariant under Stabi nn (B)(K), we call 
vertices with this property iP-vertices. If IP-vertices exist, then for any IP-vertex there is 
another IP-vertex at distance ^ or it. Namely, let IP' be property IP with the additional 
requirement that all other IP- vertices have distance < f . The set of IP'- vertices has diameter 
< | and must therefore be empty in view of Corollary 2.19 and Lemma 3.2. 

Let A be the property of not having antipodes in K. If P is a property implying A, P =>- A, 
then for any IP- vertex there exists another IP- vertex at distance exactly 

Let / be the property of being an interior point of K, compare the definition at the end of 
section 2.3.2. According to Proposition 2.14, a point x G K is an interior point of K, if and 
only if X^P" contains a (singular) sphere of top dimension dim(P) — 1. Clearly / =>- A, because 
K contains no top-dimensional (in K) singular spheres. 

Let x\ and x 2 be lPvertices with distance "^f. The segment x\x 2 is of type 12121 and can 
be extended inside K beyond both endpoints to a segment yiy 2 of length ir and type 2121212. 
Note that the links of 2-vertices in B have the type A\ o A 2 Dynkin diagram i ^ — » . Since 
interior point of K, the link T, y .K contains a top-dimensional (in H y .K) hemisphere 
centered at yiXi. Consequently, K contains a top-dimensional (in K) hemisphere (with yi and 
y 2 in its boundary). This is impossible and we see that K cannot contain lPvertices. Dually, 
K cannot contain 4Pvertices. 

Below, we will consider yet another property. Note that a singular 1-sphere of type . . . 4343 . . . 

2 3 4 

in the P3-Coxeter complex with Dynkin diagram . . — . divides it into two hemispheres cen- 
tered at 4-vertices. We say that a 1-vertex x G K has property H, if T, X K contains a 2- 
dimensional hemisphere centered at a ^-vertex. Let u G K denote the 4-vertex adjacent to x 
such that xti is the center of this hemisphere. We note that T, X K C Bn{xti) by (the proof of) 
Corollary 2.22, because K contains no lPvertices. One gives a dual definition of property H 
for 4-vertices of K. Clearly, H =^ A for 1- and 4-vertices because K contains no 3-dimensional 
hemisphere. 

^2 Let us return to an arbitrary property P implying 

1 A. Let X\ and x 2 be a pair of IP-vertices with distance 
The midpoint y of X\X 2 is a 1 A- vertex. There exists 
another 1-vertex z G K with d(y, z) — Both angles 
Z y (z,Xi) are < it, because d(z,Xi) < it. At least one of 
them, say Z y (z,xi), must be > | and the arc in T, y K 
connecting yt with yx\ is then of type 242. We observe 
that the convex hull CH(xi, y, z) is an isosceles spheri- 
cal triangle (meaning the two-dimensional object). In- 
deed, let m denote the midpoint of the segment yx±. 
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The convex hull of ym and z - which is contained in an 
apartment, as is the convex hull of any two faces - is a right-angled spherical triangle with the 
combinatorial structure as depicted in the figure. Let r denote the type 123 face contained in it 
with vertex z. We denote the 4-vertex on mz adjacent to m by w. Then Z m (w, x±) = |, and the 
arc connecting mw and mx\ in T, m B consists only of a single 1-simplex of type 41. Accordingly, 
t' := CH(m, w, Xi) is a face of type 124. Furthermore, CH(tUt') = CH(x 1: y : z) is a spherical 
triangle with the combinatorial structure as shown in the figure. (That the geodesic triangle 
in K with vertices x±,y and z is rigid, follows more directly from triangle comparison, because 
a comparison triangle in the unit sphere S 2 with vertices x±,y and z, and with the same side 
lengths has angle Z^(x±,z) = Z y (x 1 ,z).) We note that H W K contains a singular 1-sphere k of 
type ... 1212 ... . Since K contains no 41- vertices, this implies in particular that dim(K) = 3. 
Then k bounds a 2-dimensional hemisphere in Y> W K and w is a 4if -vertex. In particular, we 
see that K contains 4if-vertices if it contains IP-vertices. 

Choosing P := A, we infer that K contains 4H- vertices. The existence of 4- vertices in K 
implies, dually, that K also contains lif -vertices. 

Now we choose P := H. It follows that there exists a configuration of 1H- vertices x±,X2 G 
K and a 1-vertex z G K as considered above. Let u G K be a 4-vertex adjacent to X\ 
such that T, Xl K contains a two-dimensional hemisphere centered at x-^u. As noted before, 
^ X1 K C Bk{xiu). The spherical building T: XI B has Dynkin diagram . — • — . and, due to 
the geometry of the i?3-Coxeter complex, every 2- vertex in B*(xi&) is adjacent to x~i&. Since 
Z Xl (y,z) = Z Xl (y,u) + Z Xl (u,z), the direction xi& must bisect Z Xl (y,z) and thus u = w. It 
follows that the segment x\w = x\u can be extended beyond w = u inside K. Since x~i& is an 
interior vertex of H Xl K, this in turn implies that w is a 41- vertex, a contradiction. □ 

3.3 The £ 6 -case 

We will use the information in section 2.2.3 regarding the geometry of the E 6 -Coxeter complex. 

Let B be a spherical building of type E$ and let K C B be a convex subcomplex. We 
denote G := Stab Aut{B){K) and H := Stabi nn ^B){K). Then if is a normal subgroup of G and, 
in view of G/H •— > Isom(A^ od ) = Z2, it has index < 2. The automorphisms in G — H (if any) 
preserve the vertex types 1 and 4, and switch the types 2 <H> 6 and 3 -H- 5. We assume that K is 
a counterexample to the Center Conjecture in the sense of section 3.1, i.e. K is no subbuilding 
of B and the action G rx K has no fixed point. 

If P is any property defined for i-vertices in K and invariant under H, we call vertices with 
this property iP-vertices. Let again A denote the property of not having antipodes in K. 

Lemma 3.3. Let P be an H -invariant property defined for 2- and 6-vertices in K and implying 
A, P =^> A. Then for any "IP-vertex (QP -vertex) x G K exists another "IP-vertex (6P '-vertex) 
x' G Hx with d(x,x') = ?f. 

Proof. Since the roles of 2- and 6-vertices in E 6 -geometry are dual, it suffices to treat the case 
of 2P-vertices. 

Let us assume the contrary. Then the orbit Hx consists of 2P-vertices with pairwise dis- 
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tances arccos |, any two of which are connected by a type 232 singular segment. In particular, 
diam(if:r) < | and H has a fixed point in K, cf. section 2.1.2. Hence G D H and there exists 
a G G — H . The orbit Hax consists of 6P- vertices. Since P =>- A, none of them is antipodal to 
x. On the other hand, they cannot all be adjacent to x, because then diam(G:r) < arccos \ < | 
and G would fix a point in K. Thus there exists y G Hax such that xy is a type 216 singular 
segment of length d(x,y) = arccos(— |). 

We claim that for the 1-vertex m on xy holds rad(Gx, m) < |. 
By duality, it suffices to check that d(m, x') < | for all x ^ x' G 
ifx. We first observe that Z x (m,x') < it because d(x',y) < it. 

3 

The building Y, X B is of type D 5 with Dynkin diagram ^> 5 - 6 ». 

Hence the 1-vertex 5^ and the 3- vertex xx' are either adjacent 
or connected by a type 153 segment in T, X K. In the first case, 
m is also adjacent to x' and hence d(m,x') < |. (If z denotes the midpoint of xx', a 3- 
vertex, then the building T< Z B has type Ai o A 4 with Dynkin diagram I \ \ \ 6 . and splits 
as a spherical join.) In the other case, the side mi' of the spherical triangle CH(m,x,x') is 
a singular segment of type 152 and length |. (The link of B of a 5-vertex splits off a type 
A 4 -factor with Dynkin diagram 2 . 3 . 4 . .', and a type 2321 segment therein has length tt.) This 
shows that rad(Gx,m) < |. 

If rad(G:r) < | then G fixes a point in K, which is a contradiction. Hence rad(Gx) = 
| and m G Cent(Gx) fl CH(Gx). Since 1-vertices have root type, the convex ball B^(m) 
is a subcomplex and contains the simplicial convex hull SCH{Gx) of Gx. Therefore also 
rad(SCH(Gx)) = | and m G Cent( 1 SCiJ(G'a;)) n SCH{Gx). Applying Corollary 2.20 to 
SCH{Gx) yields that the action G rx K has a fixed point, contradiction. □ 

The midpoint of a pair of 2A- vertices (6A-vertices) x, x' G K with distance ^ is a 6A- vertex 
(2 A- vertex), cf. Lemma 2.16. We define the properties Mj for 2- and 6- vertices in K inductively 
as follows. Let Mo := A. We say that a 6- vertex (2- vertex) in K has property Mj, i > 1, if it 
is the midpoint of a pair of 2Mi_i-vertices (QMi_i-vertices) in K with distance There are 
the implications A = M <= ■ ■ • <= Mi <= M i+i <= We conclude from Lemma 3.3: 

Corollary 3.4. If K contains a 2A- or a QA-vertex, then K contains 2M r and ^Mi-vertices 
for all i > 0. 

Our strategy will be to investigate the links of Mj-vertices for increasing i and look for larger 
and larger spheres until we find apartments. We begin with the M 2 -vertices. 

Lemma 3.5. The link T, W K of a 2M 2 -vertex w G K contains a type 656565656 singular 1- 
sphere. 

Proof. Consider the following configuration. 

Let the 2M 2 - vertex w G K be the midpoint of a pair of 6Mi-vertices 
y' y, y' G K, and suppose that y (y') is the midpoint of a pair of 2 A- vertices 
x,x' G K (z,z' G K). 

Since d(x,y') < n, we have Z y (x,w) < ir. The building T, y B is of type D 5 with Dynkin 
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diagram • • 4 <C^; an d an Y two distinct non- antipodal 2- vertices in it have distance |. Hence 
Z y (w,x) < | and Z y {w,x') < |. Since Z y (x,x') = ir, we have equality Z y (w,x) = Z y (w,x') = 
| and yli is the midpoint of a type 23232 geodesic segment in T, y K connecting yi and yx' . 

Because of d(w,x) < the segment wx has type 232, and analogously the segments wx', 
wz and wz' . 

The 3- vertices W&, wx' and the antipodal 6- vertices wt), wy' lie on a 
type 6316136 singular 1-sphere in Y, W K. We see that the link T, yw K of 
the edge yw contains a pair of antipodal 3-vertices, while Y> y i w K contains 
a pair of antipodal 1-vertices. Exchanging the roles of y and y', we obtain 
also antipodal 1-vertices in Y, yw K and antipodal 3-vertices in Y> y i w K. 

We wish to produce in, say, T, yw K from the pairs of antipodal 1- and 3-vertices a pair of 
antipodal 5-vertices. Note that the spherical buildings T, yw B and T, y > w B have type D4 and 
Dynkin diagram ''^ ■ 

Sublemma 3.6. Let L be a convex subcomplex of a spherical building B' of type D4 with Dynkin 
diagram . Suppose that L contains a pair of antipodal 1-vertices and a pair of antipodal 
3-vertices. Then it contains a singular 1-sphere of type 1351351. 




Proof. We denote the two antipodal 1-vertices by a and b, and the two antipodal 3-vertices by 
c and d. If c (or d) lies on a minimizing segment 7 of type 1351 connecting a and b, then a 
singular 1-sphere of the desired type is obtained as the convex hull of d (c) and a neighborhood 
of c (d) in 7. 

Suppose now that d(a, c) + d(c, b) > it. We first describe the convex hull of a, b and c. The 
segments ac and be are of type 153. We denote the 5-vertices on them by p", respectively, p'. 
Let us consider the segments ap"c"b and ac'p'b of length n. The 5-vertices p" and p' cannot be 
antipodal, because they are adjacent to c. So the 5-vertex apf' and the 3-vertex ac' in S a L are 
not antipodal and hence adjacent. 

The convex hull of ap"c"b and ac'p'b is then a spherical 
bigon (3. Note that S p //_B' is a building of type A 3 with Dynkin 




diagram 



It contains a segment of length ir and type 
11 Ji 



and mc?' are pairwise antipodal in S m L. (Note that S m i?' is a building of type Ai o Ai o A 1 .) 

^The direc tion md is antipodal to mb and hence antipodal to at least one of the directions 

mc' and mJ'. It follows that d is antipodal to c' or c" and, as in the beginning of the proof, 
that L contains the desired singular 1-sphere. □ 

Remark 3.7. The proof shows that we can choose the circle in L to contain the two antipodal 
1-vertices or the two antipodal 3-vertices. (If L contains a type 1351351 circle through one of 
the two antipodal 1-vertices, then it contains another such circle through both of them.) 



1343 from p"a to p"c through p"c'. Its 4-vertex corresponds 
to a 4-vertex m adjacent to p", c' and c". Replacing p" by c", 
we see in the same way that m is also adjacent to p' . Hence 
the bigon (5 is centered at m. Since c is adjacent to p' and p", 
it is also adjacent to their midpoint m. The 3-vertices mh, mc' 
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End of proof of Lemma 3.5. Applying Sublemma 3.6 to L — Yj yw K = E^E^i-r, we find a type 
1351351 singular 1-sphere. We will only^use the^pair of antipodal 5-vertices on it. These can 
be regarded in T, W K as the directions r)£ and i]^' to 5-vertices £ and £' adjacent to r\ := wt). 
Then CH(r),£,{;',wy') is the desired type 656565656 singular 1-sphere in T, W K. □ 

Remark 3.8. The 1-sphere in Y,y W K provided by Sublemma 3.6 yields in fact a singular 2- 
sphere in T, W K which contains the type 656565656 singular 1-sphere. 

Now we turn our attention to the M 3 -vertices. 

Lemma 3.9. The link T, V K of a 6M 3 -vertex v G K contains a singular 2-sphere isomorphic to 
the B ?) -Coxeter complex with Dynkin diagram ^=1 — \ . 
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Proof. Let v G K be a 6M 3 - vertex which is the midpoint of the pair of 2M 2 -vertices w, w' G K. 
Let 7 C T, W K be a singular 1-sphere as provided by Lemma 3.5. The building T, W B is of type 

3 , 

D 5 with Dynkin diagram ^> s - The 6-vertices on 7 are not antipodal to uw, because k/ has 

no antipodes in K. Hence they have distance < | from -u^. Since they come in (two) pairs 
of antipodes, equality holds, i.e. the 6-vertices on 7 have distance = | from wt, compare the 
beginning of the proof of Lemma 3.5. It follows that d(w$, •) = | on 7, and CH( r yU{wv}) =: h is 
a 2-dimensional hemisphere with center wt and boundary circle 7. It is a simplicial subcomplex 
of Tj w K composed of twenty four 654-triangles and isomorphic to a hemisphere in the type B% 
Coxeter complex with Dynkin diagram L=LS as described in section 2.2.3. 

E^/i =: 5 is a type 545454545 singular 1-sphere in E^E^K = H WV K = E^E„K. (The 

3 5 

building T, WV B has type _D 4 with Dynkin diagram v ^"*.) When regarded as a circle in the latter 

space, 5 is the link at vvj of a singular 2-sphere ^n^E^i^ with poles vvj and iru/. To determine 
the link 5' of the 2-sphere at the opposite pole vw', we recall that in the .Ds-Coxeter complex 
with Dynkin diagram 2 -^<i\[ the possible types for singular segments connecting 2-antipodes 
are 24342, 2512 and 23232. Hence to a 4-vertex (5-vertex) on 5 corresponds a 4-vertex (1- 
vertex) on 8', i.e. 5' has type 141414141. (This can also be expressed by saying that the natural 
isomorphism T, WV K = E^E^iT = T,^ I 'E V K = Tl w > v K of type -D4 spherical buildings with 

Dynkin diagram switches the vertex types 1 -H- 5.) We regard 5' as a singular 1-sphere in 
Ti w / V K = H—^H V K. 
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By exchanging the roles of w and w', we obtain likewise a type 141414141 singular 1-sphere 
in Y, WV K, besides the type 545454545 singular 1-sphere which we found before. From these, we 
wish to produce a type 343434343 singular 1-sphere. This leads us to the following continuation 
of Sublemma 3.6. 

Sublemma 3.10. Let L be a convex subcomplex of a spherical building B' of type D± with 

3 5 

Dynkin diagram ''^ Suppose that L contains a type 141414141 singular 1-sphere and a pair of 
antipodal 5-vertices. Then it contains a singular 2-sphere. 

We recall that in 7J 4 -geometry there is only one type of singular 2-spheres, see section 2.2.3, 
and hence a singular 2-sphere contains singular 1-spheres of all possible types. 

Proof. We denote the type 141414141 singular 1-sphere by e. Let g,g E e be two antipodal 
1-vertices. By Sublemma 3.6 and Remark 3.7 there is a singular 1-sphere e' of type 1351351 
containing g, g. (The roles of l-,3- and 5-vertices in 7J 4 -geometry are equivalent, as reflected 
by the symmetries of the Dynkin diagram.) 

Since g has an antipode in L, it suffices to find a singular 1-sphere in The spherical 

building T, g B' has type A3 and Dynkin diagram 3 . — i — %. We know already that S 9 L contains 
the pair of antipodal 4- vertices = S 9 e and the pair of antipodes {77,17} = S 9 e' consisting 

of a 3- vertex rj and a 5- vertex fj. 

To find the singular 1-sphere in we proceed as in the proof of Sublemma 3.6. If rj 

or fj lies on a minimizing segment connecting £ and £, then we are done. Otherwise, let us 
consider the convex hull of £,£ and, say, 77. The segments £77 and £77 are of type 453. We call 
the 5-vertices on them respectively, They are distinct, and we denote by \x the midpoint 
of the type 545 segment The segments an d £C'C nave types 4534 and 4354, and the 
spherical bigon bounded by them is right angled. (Note that the spherical building E^E 3 5' has 
type Ai o A\ with Dynkin diagram 3 . \. It is a complete bipartite graph with edge lengths |.) 
The 4-vertex /i is the center of the bigon. 



Tj vw K = Y>^Y> V K, we find a singular 2-sphere. We will only use one of the type 343434343 



Remark 3.11. The 2-sphere in T, VW K provided by Sublemma 3.10 yields in fact a singular 
3-sphere in T, V K which contains this singular 2-sphere. 

Finally, we look at M 4 -vertices. 




4 
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Lemma 3.12. The link Y> U K of a 2M At -vertex u G K contains an apartment and is therefore a 
top-dimensional subbuilding ofT, u B. 

Proof. Let u G K be a 2M4-vertex which is the midpoint of the pair of 6M3-vertices v, v' G K. 
Let s C H V K be a singular 2-sphere as provided by Lemma 3.9. The building T, V B is of type D 5 
with Dynkin diagram • • 4 <^,- The 2-vertices on s are not antipodal to v&, because v' has no 
antipodes in K. Hence they have distance < f from v&. Since they come in pairs of antipodes, 
equality holds, i.e. the 2-vertices on s have distance = | from vtt, compare the beginning of the 
proofs of Lemmas 3.5 and 3.9. It follows that d(v^i, •) = | on s, and CH(s U {v^}) —: hi is a 
3-dimensional hemisphere with center vti and boundary 2-sphere s. 

However, unlike the circle and 2-hemisphere found before, hi C T, V K is not a simplicial 
subcomplex. This can be seen, for instance, from the fact that it contains quadruples of 2- 
vertices with pairwise distances |, cf. the discussion of S 2 in section 2.2.3. Accordingly, the 
2-sphere C T:^E V K = T, UV K is not a subcomplex of the type _D 4 building T, UV B with 

3 5 

Dynkin diagram v y ". (It contains triples of 3-vertices with pairwise distances |.) The simplicial 
convex hull of Ti^hl is an apartment contained in H UV K. Since u is an interior point of the 
edge vuv' contained in K, it follows that there are apartments also in T, U K. □ 

Let again / denote the property of being an interior point of K. Clearly, / =^ A because by 
assumption K is no subbuilding. Lemma 3.12 says that M 4 =>- I for 2- and 6- vertices. 

Lemma 3.13. There are no 21- and 61 -vertices in K. 

Proof. Otherwise, we suppose without loss of generality that K contains 2J-vertices. By 
Lemma 3.3, there exist two 2J-vertices in K with distance Then among the 6-vertices 
in K adjacent to one of them are antipodes of the other, a contradiction. □ 

Corollary 3.14. All 2- and 6-vertices in K have antipodes in K. 

Proof. Otherwise, Corollary 3.4 and Lemma 3.12 imply that K contains 21- vertices, which 
contradicts Lemma 3.13. □ 

Now the main work is done and we enter the endgame of our argument. 
Lemma 3.15. All 1-vertices in K have antipodes in K . 

Proof. Suppose that K contains 1 A- vertices. We argue as in case 2 in the proof of Theorem 3.1. 
The set of all 1 A- vertices in K , which have distance < | from any other 1A- vertex in K , must be 
empty in view of Corollary 2.19, because it is G-invariant and has diameter < |. Hence, there 
exists a pair of lA-vertices x,x' G K with distance > |, i.e. with distance The midpoint y 
is another lA-vertex, and there exists yet another lA-vertex z G K with d(y,z) = 

Since z is no antipode of x or x', we have < ^ y (x, z), ^ y (x', z) < ir. At least one of these 
angles is > |, say, the first one. The building ^ y B has type A 5 with Dynkin diagram 2 . 3 . 1 5 . 6 .. 
The 4-vertices yi,yz G ^ y K must have distance arccos(— |) and their simplicial convex hull is 
a rhombus whose other diagonal is a 26-edge, compare the discussion of Si in section 2.2.3. In 
particular, there exists a 2-vertex w G K adjacent to y. By Corollary 3.14, it has an antipode 
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w G K. The segment wyw is of type 21656. Since the 6-vertex on it adjacent to y has an 
antipode in K, too, it follows that y has an antipode in K, a contradiction. □ 



Lemma 3.16. All 3- and 5-vertices in K have antipodes in K . 

Proof. By duality, it is enough to treat the case of 3-vertices. 

Suppose that x G K is a 3A-vertex. If K contains a 1-vertex y adjacent to x, then it also 
contains an antipode y of y (Lemma 3.15). The segment yxy contains a 6-vertex z adjacent to 
x. It has an antipode z in K and, by Lemma 2.16, x has an antipode in K, a contradiction. 
The same reasoning shows that K cannot contain 6- or 2-vertices adjacent to x, i.e. it contains 
at most 4- and 5-vertices adjacent to x. 



is easily verified by taking into account that the links of 4-vertices in B have type A 2 o Aio A 2 
with Dynkin diagram 2 -4 I 5 _l) If K contains another 3-vertex x', then xx' can only be a 
type 34243 singular segment. Since the 2-vertex on it has an antipode in K (Corollary 3.14), 
it follows that also x has an antipode in K, a contradiction. 

Thus x is the only 3-vertex in K and must be fixed by H. Since G rx K does not have a 
fixed point, we have G D H and Gx consists of x and a 5A-point. They cannot be antipodal 
and their unique midpoint is fixed by G, a contradiction. □ 

Lemma 3.17. All 4-vertices in K have antipodes in K . 

Proof. Suppose that x G K is a 4A- vertex. Then all vertices in K adjacent to x have antipodes 
in K. If K contains vertices adjacent to x, then the same reasoning as in the beginning of the 
proof of Lemma 3.16 shows that x has an antipode, too, a contradiction. Hence dim(K) = 0, 
which is also a contradiction. □ 

We proved that all vertices in K have antipodes in K. With Proposition 2.15 it follows that 
K is a subbuilding. This contradicts our assumption that K is a counterexample to the Center 
Conjecture, and we obtain our second main result: 

Theorem 3.18. The Center Conjecture 1.3 holds for spherical buildings of type E G . 
3.4 The case of classical types 

The Center Conjecture for the spherical buildings of classical types (A n , B n and D n ) was 
first proven by Miihlherr and Tits in [MT06] using combinatorial methods and the incidence 
geometries of the respective buildings. We present in this section a proof from the point of view 
of CAT(l) spaces and using methods of comparison geometry, compare [Ra09b, ch. 4.1]. 

L. Kramer informed us about a similar argument in the A n -case showing that a convex 
subcomplex K C B is a subbuilding or Stabi nn (B){K) fixes a point in K [Kr09]. 




4 



6 



Hence, for any point p G K the direction x% lies on 
a 45-edge in H X B. As a consequence, p is contained in 
a spherical bigon j3 C B with x as one of its tips and 
with T, x f3 a 45-edge. (Of course, (3 <f_ K.) It has the 
combinatorial structure as shown in the figure. (This 
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We will use the information in section 2.2.4 regarding the geometry of the Coxeter complexes. 

Let K be a. convex subcomplex of a spherical building B of classical type and suppose that 
it is not a subbuilding. By Proposition 2.15, there are vertices in K without antipodes in K. 
Let t = max { i | 3 iA- vertex in K } (As before, we call an i- vertex of K without antipodes in 
K an iA-vertex.) 

Lemma 3.19. Let B be of type A n or B n and let x G K be a tA-vertex. Then there is no 
vertex of type > t in K adjacent to x 

Proof. Let t' > t and suppose that there exists a t'-vertex y G K adjacent to x. The maximality 
of t implies that y has an antipode y G K. Notice that T, X B splits off a factor of type A n _ t and 
its Dynkin diagram has labels t + 1, . . . , n. This implies that the direction xy has type t" > t. 
It follows that the segment xy C K has a t"-vertex z in its interior and, by Lemma 2.16, z 
cannot have antipodes in K, contradicting the maximality of t. □ 

3.4.1 The A„-case 

Theorem 3.20. The Center Conjecture 1.3 holds for spherical buildings of type A n . 

Proof. We assume that n>2, because otherwise the assertion is trivial. 

Let K be a convex subcomplex of a spherical building B of type A n and suppose that it is 
not a subbuilding. Let t\ = min { i \ 3 iA-vertex in K} and t 2 = max { i \ 3 iA-vertex in K}. 
Let Xi G K be a tiA- vertex. By Lemma 3.19, there is no vertex of type > t 2 in K adjacent to 
x 2 and, analogously, no vertex of type < t\ in K adjacent to x\. 

If ti = t 2 , we may choose x 1 = x 2 . It follows that dim(K) = and the Center Conjecture 
holds trivially in this case. We therefore assume in the following that t\ < t 2 . 

Consider the segment xix 2 as embedded in the vector space realization of the Coxeter 
complex of type A n described in section 2.2.4, such that X\ = v tl (we work with vectors 
representing vertices) and such that the initial part of Xix 2 is contained in the fundamental 
Weyl chamber A. Then x 2 lies in the convex hull of A and the antipode of x\ in the Coxeter 
complex, a bigon which is given by all inequalities (2.5) except (ti). The coordinates of x 2 are 
a permutation of the coordinates of v t2 . It follows from the observation above, that the face of 
A spanned by the initial part of x±x 2 contains no vertices of types 1, . . . ,ti — 1. This implies 
for x 2 = (ao, • • • , a n ) £ M n+1 that a = • • • = ati-i an d a tl < • • • < a n . Note that x 2 is adjacent 
to x 1 if and only if in addition a tl _i < a tl holds. If x 2 is not adjacent to x±, it follows that 
a = t 2 and 

x 2 = ( t 2 , . . . ,t 2 , -jn + 1 - t 2 ), . , -(n + 1 - t 2 ) ; t 2 , . t 2 ) ■ 

h ti n+1— ti— *2 

In particular, n + 1 — t 2 > t±. Since x\ and x 2 are not antipodal, we even have the strict 
inequality 

n+l>t 1 +t 2 . (3.21) 

Consider now the embedding of X\x 2 into the Coxeter complex such that x 2 = v t2 and the 
initial part of x 2 x\ is contained in A. The observation above implies now that the face of A 
spanned by the initial part of x 2 x\ contains no vertices of types t 2 + 1, . . . , n. This implies for 
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x i — (b , . . . ,b n ) G that b < ■ ■ ■ < b t2 -\ and b t2 — • ■ ■ — b n . If X\ is not adjacent to x 2 , 

equivalently, if b t2 -i > b t2 it follows that 

Xl = (-(n + 1 - h), . . . , -{n + 1 - ti),*i, . . . , h, -{n + 1 - h), . . . , -(n + 1 - ^)) 

" ' V v ' N v ' 

n+l—ti n+l—t 2 

and t\ > n + 1 — t 2 . But this inequality contradicts (3.21). Hence, x\ and x 2 must be adjacent. 

We saw that any tiA-vertex is adjacent to any t 2 A-vertex. Their distance is < diam(A) =: 
8 < |. This implies that the set of ti A- vertices has circumradius < 5 and therefore a unique 
circumcenter q. Moreover, q is contained in the closed convex hull of the set of U A- vert ices, in 
particular q G K. It follows that q has distance < 5 from every £ 3 _jA-vertex, and d(ci, c 2 ) < 5. 

The Dynkin diagram for A n has only one nontrivial symmetry which exchanges the labels 
i <H> (n + 1 — i). Hence a building automorphism in StabAut(B){K) — Stabi nn (B){K) must 
switch the labels t\ -H- t 2 (according to their definition) and exchange C\ -H- c 2 , whereas the 
automorphisms in Stab Inn ^(K) fix both c\ and C2. It follows that the midpoint m(ci, c 2 ) G K 
of ci and c 2 is fixed by the entire group StabAut{B)(K). □ 



V 

tl+t 2 -(n+l) 



3.4.2 The cases B n and D n 

Theorem 3.22. The Center Conjecture 1.3 holds for spherical buildings of type B n . 

Proof. If n — 2, then dim(fT) < 1 and the Center Conjecture holds. So, let K be a convex 
subcomplex of a spherical building _B of type B n for n > 3 and suppose that it is not a 
subbuilding. Let t = max{ i \ 3 iA-vertex in if}. Let x G if be a L4-vertex. By Lemma 3.19, 
there are no vertices of type > t in if adjacent to x. 

Let G if be another tA-vertex. Consider the segment xx' as embedded in the vector 
space realization of the Coxeter complex of type B n described in section 2.2.4. Assume that 

x = v t = (0,.. .,0,1^^1) 

n+l-t 

and that the initial part of xx' is contained in the fundamental Weyl chamber A. Then the 
coordinates of x' satisfy all inequalities (2.7) except (t). They agree up to permutation and 
signs with the coordinates of x. The observation above implies that the face of A spanned by 
the initial part of xx' contains no vertices of types t + 1, . . . , n. For x' — (ai, . . . , a n ) this means 
that a t — • • • — a n (besides < ai < ■ • ■ < a t -i which we will not use). If a t — 1, then x = x'\ 
if at = 0, then d(x,x') = |; and if a t = —1, then x and x' are antipodal. The last case cannot 
occur, and hence d(x,x') < |. It follows that the Stab Aut ( B )(K)-mvaiiant set of tA-vertices in 
if has diameter < |. Therefore, StabAut(B){K) fixes a point in if by Corollary 2.19. □ 

Theorem 3.23. The Center Conjecture 1.3 holds for spherical buildings of type D n . 

Proof. For n > 5, the _D n -case of the Center Conjecture follows from the -B n -case, because a 
spherical building of type D n can be regarded as a (thin) spherical building of type B n . In the 
same vein, the -Dzi-case follows from the F 4 -case, compare (2.10) and (2.11) in section 2.2.4. □ 
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A direct proof of the _D n > 5 -case can be given as well. We skip it here because it is very similar 
to the argument in the -B„-case. To keep our treatment of the classical types self-contained, we 
include a direct proof in the D 4 -case. 

Direct proof in the D^-case. Let K be a convex subcomplex of a spherical building B of type 
-D 4 and suppose that K is a counterexample to the Center Conjecture. 

Suppose first, that K contains 3 A- vertices. Recall that the 3- vertices in Z) 4 are the vertices 
of root type. Their possible mutual distances are 0, |, |, ?f, n. The midpoint of a segment 
connecting two 3- vertices at distance | lies in the interior of a simplex of type 124 adjacent to 
both 3-vertices. 

Arguing as in the beginning of case 2 in the proof of Theorem 3.1, since K is a counterexam- 
ple, there exist 3A-vertices x, x' G K at distance The simplicial convex hull of the segment 
xx' is 3-dimensional and the midpoint y± of xx' is an interior 3A-vertex of K. Let y 2 G K be 
a 31- vertex at distance ^ to y±. Since yj is interior, we can find Zi G K, with d(zi,yi) = |, 
such that is antipodal to yiy^-i in S^if for i — 1,2. In particular, ^ and ^ 2 are antipodal. 
Notice that Zi lies in the interior of a simplex of type 124. It follows that K contains a 2-sphere, 
contradicting Corollary 2.22. Hence all 3-vertices in K have antipodes in K. 

Since K is a counterexample, there is a vertex w & K without antipodes in K, cf. Propo- 
sition 2.15. It has type % G {1,2,4}. If there exists a 3-vertex v G K adjacent to w, then 
it has an antipode v in K. The interior of the segment wv contains another 3-vertex v' . By 
Lemma 2.16, v' is a 3 A- vertex, contradiction. Thus w cannot be adjacent to a 3-vertex in K. 
This implies that w is the only i-vertex in K, because any two distinct nonantipodal i-vertices 
are connected by a segment of type i3i. 

It follows that the non-empty StabAut(B) (if) -invariant set V of A- vertices in K consists 
of vertices of pairwise different types 7^ 3. In particular, \V\ < 3 and the possible distances 
between vertices in V are | and If diam(V) > |, we may assume without loss of generality 
that V contains a lA-vertex U\ and a 2A-vertex u 2 with distance The segment U1U2 then 
has type 142. Its midpoint is a 4A-vertex 114 and V = {ui,U2, 114}. We conclude that always 
rad(V) < |. Hence F has a unique circumcenter in if and it is fixed by StabA u t(B)(K). □ 
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